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Predator-prey model

Consider a biological system in which two species interact, one a

predator and one its prey. They evolve in time according to the
pair of the equations:

dx

_ e
5 = Xla=By), = —y(v = dx) (1)
where,

y is the number of some predator;

x is the number of its prey;
dx

% =xand d—}t’ = y represent the growth of the two populations
against time t.

@ System (1) is called Lotka-Volterra system
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The prey equation:
dx 5
— = ax — Bxy.
dt Y

The prey are assumed to have an unlimited food supply, and to reproduce
exponentially unless subject to predation; this exponential growth is
represented by the term ax. The rate of predation upon the prey is
assumed to be proportional to the rate at which the predators and the
prey meet; this is represented by Sxy.
The predator equation:

dy

— =dxy —vy.
dt Xy =y

dxy - the growth of the predator population. 7y represents the loss rate
of the predators due to either natural death or emigration; it leads to an
exponential decay in the absence of prey.

The equation expresses the change in the predator population as growth
fuelled by the food supply, minus natural death.
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May-Leonard system

Mathematical model introduced by May and Leonard in 1975 to
describe a competition of three species:

x =x(1—-x—ay — pz),
y=y(l-Bx—y—az), (2)
z=z(1-ax — By — z).

x,¥,2>0,0<a<1<p, and a+ 5 >2.
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Introduction

Some studies about its dynamics:

May and Leonard (1975), dynamic aspects;

Schuster, Sigmund and Wolf (1979), dynamic aspects;
Leach and Miritzis (2006), first integrals;

Blé, Castellanos, Llibre and Quilantan (2013), integrability.
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A generalization of (2):

x=x(1—=x—ay — p1z) = X(x,y, 2),
)./ :y(l _BZX_y_QZZ) = Y(X,y,Z), (3)
z=z(1—azx— 3y —z)=2Z(x,y,z),

x,y,z >0 and «;, B, (1 < i< 3) real parameters.
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A generalization of (2):

x=x(1—=x—ay — p1z) = X(x,y, 2),
)./ :y(l _BZX_y_QZZ) = Y(X,y,Z), (3)
z=z(1—azx— 3y —z)=2Z(x,y,z),

x,y,z >0 and «;, B, (1 < i< 3) real parameters.

It is called the May-Leonard asymmetric model.
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Introduction

Some studies about its dynamics:
@ Chi, Hsu and Wu (1998), dynamic aspects;
@ van der Hoff, Greeff and Fay (2009), dynamic aspects;

@ Antonov, Doli¢anin, R. and Téth (2016), dynamic aspects,
first integrals.
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ANTONOV, DOLICANIN, V. R. AND TOTH (2016):

e found first integrals of Darboux type constructed using
invariant planes (Darboux polynomials of degree one);

@ showed that the system can have a family of periodic solutions
satisfying Lyapunov’s theorem on holomorphic integral.
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Existence of periodic solutions for May-Leonard asymmetric system was
shown in [Chi, Hsu and Wu 1998], however it was mentioned there that
the periodic solutions appear due to Hopf bifurcations.
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Existence of periodic solutions for May-Leonard asymmetric system was
shown in [Chi, Hsu and Wu 1998], however it was mentioned there that
the periodic solutions appear due to Hopf bifurcations.

We show that there is a family of periodic solutions as follows.
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Existence of periodic solutions for May-Leonard asymmetric system was
shown in [Chi, Hsu and Wu 1998], however it was mentioned there that
the periodic solutions appear due to Hopf bifurcations.

We show that there is a family of periodic solutions as follows.

When

_ 2—ai—ptaim—aztaiaztasaz—ajanaz—Fi1—Fr4615
B3 = =D (=1 , the system has the

invariant plane

Hy = —x+o3x+Box—azfox+y—ary—ozy+aiozy+z—PB1z—[Frz+P1 22

(4)
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Existence of periodic solutions for May-Leonard asymmetric system was
shown in [Chi, Hsu and Wu 1998], however it was mentioned there that
the periodic solutions appear due to Hopf bifurcations.

We show that there is a family of periodic solutions as follows.

When

_ 2—ai—ptaim—aztaiaztasaz—ajanaz—Fi1—Fr4615
B3 = =D (=1 , the system has the

invariant plane

Hy = —x+o3x+Box—azfox+y—ary—ozy+aiozy+z—PB1z—[Frz+P1 22
(4)

First integral:

Y = xMy* 2z HM (5)
_ ar(—14 51) . a1(—14 B1)(—1+ 52)
Qp = — , (i3 = )
a —1 (=1+a2)(=1+a3)

~aa(l— a2+ ez —azf — B2 + Bif)

= (—1+ az)(—1+as)
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To guarantee that the all coordinates of the singular point are
positive we take the parameters

pf1=1/4, B2 =11/10, oy =5/4, ap =4/5, az =3/2,83 =2/3.
In this case system (3)

. 5y =z ) 11x 4z ) 3x 2
k= x(ox— =241, ¥ =y~ Spmy— o), 2= 2T+ T +z-1).

(6)

and the singular point P has the coordinates

x0=1/3, o =1/2, zp=1/6.

Proposition

System (6) has a family of periodic solutions in a neighborhood of
the singular point P(1/3,1/2,1/6).
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Moving the origin to the singular point by the substitution
U=X—=—X,VvV=Y—Y, W=2—2
and then performing the linear change of coordinates

u=2X + 370Y /249,
v =3X — Y — 15v/102/83,
w =X + 1/249(—235Y + 77v/102)

we obtain from (6)
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. 10450Y2  38048v/10YZ 1045072
X=-X-6X? -
t 268671 | 806013 268671

v Z exy \/Exz _ 200072 16979, /2vZ | 200022
- 3V10 5 39923 30023 39923 ’

2 2
Y Py _exza 19187v/10Y UENCS 191871107
310 V5 119769 119769 119769

@ By the Center Manifold Theorem 3 an analytic center manifold
X = h(X,Y) passing through X =Y =27 =0.

@ Expanding the first integral (5) into power series
V(X,Y,Z)=Y?+ 2%+ ho.t.
@ = in a neighborhood of the origin there exists a family of periodic

orbits formed by the intersection of the graphs of X = h(Y, Z) and
V=c(0<c<q).
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Introduction

First integrals

Consider system of differential equations

x =P(x,y,z),

y:Q(X7y7Z)7 (7)
z =R(x,y, z),

P, @ and R polynomials of degree at most m.
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Introduction

First integrals

Consider system of differential equations
x =P(x,y, z),
y =Q(x,y,2), (7)
z =R(x,y, z),

P, @ and R polynomials of degree at most m.

Let X be the corresponding vector field,

0 0
P— — + R—.
X = o + Q + 57
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A C! function H : U — R non-constant in any subset of U is a
first integral of the differential system (7) if

XH = Pa—HJrQ—HJrRa—H_Oin .
Ox 0z
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A C! function H : U — R non-constant in any subset of U is a
first integral of the differential system (7) if

XH = Pa—H—i-Qa—H—i-Ra—H—Oin U.
Ox 0z

If there are two first integrals of system (7),

H U1—>]RandH2 U2—>R

we say that:
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A C! function H : U — R non-constant in any subset of U is a
first integral of the differential system (7) if

XH = Pa—H—i-Qa—H—i-Ra—H 0in U.
Ox 0z

If there are two first integrals of system (7),

H U1—>]RandH2 U2—>R
we say that: H; and H, are independent in U; N U; if their

gradients are independent in U; N U, (except perhaps in a zero
Lebesgue measure set).
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A C! function H : U — R non-constant in any subset of U is a
first integral of the differential system (7) if

XH = Pa—H—i-Qa—H—i-Ra—H 0in U.
Ox 0z

If there are two first integrals of system (7),

H U1—>]RandH2 U2—>R

we say that: H; and H, are independent in U; N U; if their
gradients are independent in U; N U, (except perhaps in a zero
Lebesgue measure set).

System (7) is completely integrable in U C R3 if it has two
independent first integrals in U.
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Introduction

Darboux first integrals

e A Darboux polynomial of system (7)

X:'D(Xv.yvz)) y: Q(vayz)a 2=R(X,y72),
is a polynomial f(x,y, z) such that

Xf = ng Q gR Kf, (8)

where K(x,y, z) is a polynomial of degree at most m — 1,
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Introduction

Darboux first integrals

e A Darboux polynomial of system (7)
X:'D(Xv.yvz)) y= Q(vayz)a z ZR(X,%Z),
is a polynomial f(x,y, z) such that

Xf = ng Q gR Kf, (8)

where K(x,y, z) is a polynomial of degree at most m — 1,
called cofactor of f.
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Introduction

Darboux first integrals

e A Darboux polynomial of system (7)
X:'D(Xv.yvz)) y= Q(vayz)a z ZR(X,%Z),
is a polynomial f(x,y, z) such that

f f
Xf = gP Q a—R Kf, (8)
where K(x,y, z) is a polynomial of degree at most m — 1,
called cofactor of f.

e If f is a Darboux polynomial of (7) then the equation f =0
defines an algebraic surface which is invariant under the flow
of system (7).
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If system (7) has irreducible invariant surfaces fi, f2, ..., f with the
cofactors Ki, Ky, ..., Ky satisfying

k

> XK =0,

i=1

then
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If system (7) has irreducible invariant surfaces fi, f2, ..., f with the
cofactors Ki, Ky, ..., Ky satisfying

k

> XK =0,

i=1

then
H = f1>‘1 e fk’\k’

is a first integral of (7), called a Darboux first integral.
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Introduction

Elimination theory

Let / be an ideal in a polynomial ring k[xi, ..., x,], where k is a
field.
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Introduction

Elimination theory

Let / be an ideal in a polynomial ring k[xi, ..., x,], where k is a
field.

And ¢ be a fixed number from the set {0,1,...,n— 1}.
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Introduction

Elimination theory

Let / be an ideal in a polynomial ring k[xi, ..., x,], where k is a
field.

And ¢ be a fixed number from the set {0,1,...,n— 1}.

The /-th elimination ideal of / is the ideal

lp=1nN k[Xg+1,... ,X,,].
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Introduction

Elimination Theorem

Fix the lexicographic term order on the ring k[xi, ..., xn] with
X1 > Xp > - > Xp.
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Introduction

Elimination Theorem

Fix the lexicographic term order on the ring k[xi, ..., xn] with
X] > Xo > --+ > x,. Let G be a Grobner basis for the ideal / with
respect to this order.
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Introduction

Elimination Theorem

Fix the lexicographic term order on the ring k[xi, ..., xn] with
X] > Xo > --+ > x,. Let G be a Grobner basis for the ideal / with
respect to this order. Then for any 0 < £ < n—1, the set

Gp:= G N k[Xp41,- -, Xn)
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Introduction

Elimination Theorem

Fix the lexicographic term order on the ring k[xi, ..., xn] with
X] > Xo > --+ > x,. Let G be a Grobner basis for the ideal / with
respect to this order. Then for any 0 < £ < n—1, the set

Gp:= G N k[Xp41,- -, Xn)

is a Grobner basis for the /th elimination ideal /.
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Introduction

Elimination Theorem

Fix the lexicographic term order on the ring k[xi, ..., xn] with
X] > Xo > --+ > x,. Let G be a Grobner basis for the ideal / with
respect to this order. Then for any 0 < £ < n—1, the set

Gp:= G N k[Xp41,- -, Xn)

is a Grobner basis for the /th elimination ideal /.
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Elimination — projection of the variety on the subspace xp.1, ..., Xp.

The variety of V(I;) is the Zariski closure of the projection of V(/).

It is not always possible to extend a partial solution to a solution of the
original system.

Example. xy =1, xz = 1. The reduced Groebner basis of

I = (xy — 1, xz — 1) with respect to lex with x >y > zis {xz— 1,y — z}.
lh = (y —z). V(h) is the line y = z in the (y, z)-plane. Partial solutions
corresponding to /i are {(a, a) : a € C}. Any partial solution (a, a) for
which a # 0 can be extended to the solution (1/a, a, a), except of (0,0).

«the plane y =z

< the solutions
{« the partial

| solutions

| the arrows T,
| indicate the

| projection m;
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Invariant surfaces of the May-Leonard asymmetric system

Objective

Find conditions on the parameters of the May-Leonard asymmetric
system (3)

X :X(l —X—Oély_ﬁlz) = X(X,y,Z),
y :y(]. = BQX 2 OQZ) = Y(va’ Z)a
Z:Z(]. —Oé3X—63y_Z) = Z(vaaz)a

such that the system possess irreducible invariant surface of
degree two (Darboux polynomial of degree two).
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Invariant surfaces of the May-Leonard asymmetric system

Objective

Find conditions on the parameters of the May-Leonard asymmetric
system (3)

X :X(l —X—Oély_ﬁlz) = X(X,y,Z),
y :y(]. = BQX 2 OQZ) = Y(va’ Z)a
Z:Z(]. —Oé3X—63y_Z) = Z(vaaz)a

such that the system possess irreducible invariant surface of
degree two (Darboux polynomial of degree two).

We look separately for invariant surfaces passing and not passing
through the origin
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Invariant surfaces of the May-Leonard asymmetric system

Theorem

System (3) has an irreducible invariant surface of degree 2 not
passing through the origin if one of the following 17 conditions or
conjugated to it holds:

(1) ap=p1=p2—1/2=0a; —3=0,
(2 o=p1=p—-3=a01—-3=0,
(3) Bz3=pPr=a3+Plr—1l=ar+1=a;—a3—1=0,

(15) B3 —1/2=pB—3 =y —3=03+f1—2=01 —1/2=0,
(16) fs—3=0a3—-3=a;—3=f1—-3=aa+5H—-2=0,
(17) f3—3=a3+fr—4=ap—-3=a3+f1—2=a;—az3+2=0.
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Proof of the theorem

A general form of a possible invariant surface of degree two of
system (3) is
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Invariant surfaces of the May-Leonard asymmetric system

Proof of the theorem

A general form of a possible invariant surface of degree two of
system (3) is

f(x,¥,2) = hooo + h100X + hotoy + hoo1z + haoox? + h110Xy
+ h101xZ + hooy? + ho11yz + hoo22?,
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Invariant surfaces of the May-Leonard asymmetric system

Proof of the theorem

A general form of a possible invariant surface of degree two of
system (3) is

f(x,¥,2) = hooo + h100X + hotoy + hoo1z + haoox? + h110Xy
+ h101xZ + hooy? + ho11yz + hoo22?,

and its cofactor should be
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Proof of the theorem

A general form of a possible invariant surface of degree two of
system (3) is

f(x,¥,2) = hooo + h100X + hotoy + hoo1z + haoox? + h110Xy
+ h101xZ + hooy? + ho11yz + hoo22?,

and its cofactor should be

K(x,y,2) = co + ax + cy + cz. (10)
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Invariant surfaces of the May-Leonard asymmetric system

Polynomial (9) will be an invariant surface of system (3) with
cofactor (10) if

of,, of_ of
f=—X+—Y+—Z=Kf. 11
Xf= o X+ 9y + 3, (11)
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Invariant surfaces of the May-Leonard asymmetric system

Polynomial (9) will be an invariant surface of system (3) with
cofactor (10) if

of,, of_ of
f=—X+—Y+—Z=Kf. 11
Xf=5 X+ 3y t3, (11)

Comparing the coefficients of similar terms in (11),

Valery Romanovski Invariant surfaces and first integrals of the May-Leonard asym



Invariant surfaces of the May-Leonard asymmetric system

Polynomial (9) will be an invariant surface of system (3) with
cofactor (10) if

of,, of_ of
f=—X+—Y+—Z=Kf. 11
Xf=5 X+ 3y t3, (11)

Comparing the coefficients of similar terms in (11), we obtain the
polynomial conditions for existence of an invariant surface (9),

gl =8 =..=819=g80=0,

where
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Invariant surfaces of the May-Leonard asymmetric system

81 = —¢cohooo,

g2 = —czhooo + hoor — cohoor,

817 = —h1oo — c1hioo + 2h20o — Coh2oo, (12)
g18 = —2hago — c1hago,

819 = —h110 — B2h110 — crhi10 — 2a1haoo — C2h200,

820 = —hio1 — azhior — crhior — 2B1h200 — c3h2oo-
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Invariant surfaces of the May-Leonard asymmetric system

81 = —¢cohooo,

g2 = —czhooo + hoor — cohoor,

817 = —h1oo — c1hioo + 2h20o — Coh2oo, (12)
g18 = —2hago — c1hago,

819 = —h110 — B2h110 — crhi10 — 2a1haoo — C2h200,

820 = —hio1 — azhior — crhior — 2B1h200 — c3h2oo-

Let | = (g1, 82, ..., 819, &20) be the ideal generated by g;.

@ We have to find «;, 8; such that the system
g1 =g = - = g1o = go = 0 has a solution.
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Invariant surfaces of the May-Leonard asymmetric system

81 = —¢cohooo,

g2 = —czhooo + hoor — cohoor,

817 = —h1oo — c1hioo + 2h20o — Coh2oo, (12)
g18 = —2hago — c1hago,

819 = —h110 — B2h110 — crhi10 — 2a1haoo — C2h200,

820 = —hio1 — azhior — crhior — 2B1h200 — c3h2oo-

Let | = (g1, 82, ..., 819, &20) be the ideal generated by g;.

@ We have to find «;, 8; such that the system
g1 =g = - = g1o = go = 0 has a solution.

@ To find such o, 3; it is sufficient to eliminate ¢;, hjx, from the ideal
/.
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Invariant surfaces of the May-Leonard asymmetric system

To simplify the computations we consider separately the cases:
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Invariant surfaces of the May-Leonard asymmetric system

To simplify the computations we consider separately the cases:

@ hggo = 1, meaning invariant curves f = 0 not passing through
the origin;
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Invariant surfaces of the May-Leonard asymmetric system

To simplify the computations we consider separately the cases:
@ hggo = 1, meaning invariant curves f = 0 not passing through
the origin;
@ hpoo = 0, meaning invariant curves f = 0 passing through the
origin.
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Invariant surfaces of the May-Leonard asymmetric system

To simplify the computations we consider separately the cases:

@ hggo = 1, meaning invariant curves f = 0 not passing through
the origin;

@ hpoo = 0, meaning invariant curves f = 0 passing through the
origin.

From now on assume hggp = 1.
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Invariant surfaces of the May-Leonard asymmetric system

To find invariant surfaces of degree two, at least one coefficient

h200, h110, h101, ho20, ho11, hoo2

MUST BE different from zero.

It can be written in the six polynomial form as

o 1— Wh200 :O;

o 1 — whiig=0;
e 1 — whip1 =0;
@ 1 — whgyo = 0;
e 1— whgi1 = 0;

@ 1 — whpgo = 0.

with w being a new variable.
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Invariant surfaces of the May-Leonard asymmetric system

How to find systems admitting invariant surfaces with
haoo # 07
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Invariant surfaces of the May-Leonard asymmetric system

How to find systems admitting invariant surfaces with
haoo # 07

e Compute (e.g. using the routine eliminate of SINGULAR) the
13-th elimination ideal of the ideal

10) = (1,1 — whago),
in the ring

Qlw, co, 1, 2, €3, hoot, hoo2, ho1o, ho11, ho2o,
h10o, h1o1, h110, 0a, B1, a2, B2, a3, B3]
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Invariant surfaces of the May-Leonard asymmetric system

How to find systems admitting invariant surfaces with
haoo # 07

e Compute (e.g. using the routine eliminate of SINGULAR) the
13-th elimination ideal of the ideal

10) = (1,1 — whago),

in the ring

Qlw, c, c1, 2, €3, hoo1, hoo2, ho1o, ho11, ho2o,

h10o, h101, h110, 1, 1, a2, B2, a3, B3].

. 1

e Denote this elimination ideal by 11(3)
(1)
Vi = V(D).

; and its variety by



Invariant surfaces of the May-Leonard asymmetric system

How to find all the possibles invariant surfaces?
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Invariant surfaces of the May-Leonard asymmetric system

How to find all the possibles invariant surfaces?
e Proceeding analogously, we can find other five eliminations ideals

2 6
1219,
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Invariant surfaces of the May-Leonard asymmetric system

How to find all the possibles invariant surfaces?

e Proceeding analogously, we can find other five eliminations ideals

1219,
Denote the corresponding varieties V, = V(l(2)) V(! (6))
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Invariant surfaces of the May-Leonard asymmetric system

How to find all the possibles invariant surfaces?

e Proceeding analogously, we can find other five eliminations ideals

1219,
Denote the corresponding varieties V, = V(l(2)) V(! (6))

e The union, V = V4 U... U V4, contains the set of all
May-Leonard asymmetric systems, (3), having invariant surfaces of
degree two not passing through the origin.
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Invariant surfaces of the May-Leonard asymmetric system

How to find all the possibles invariant surfaces?
e Proceeding analogously, we can find other five eliminations ideals
1) 16
1305 3

Denote the corresponding varieties Vo = V(ll(g)), Ve = V(/1(36)).

e The union, V = V4 U... U V4, contains the set of all
May-Leonard asymmetric systems, (3), having invariant surfaces of
degree two not passing through the origin.

o Since V=V u---uv()y=viD 0. 01y, the
irreducible decomposition of V is obtained:
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Invariant surfaces of the May-Leonard asymmetric system

How to find all the possibles invariant surfaces?

e Proceeding analogously, we can find other five eliminations ideals
1219,

Denote the corresponding varieties Vo = V(ll(g)), Ve = V(/1(36)).

e The union, V = V4 U... U V4, contains the set of all
May-Leonard asymmetric systems, (3), having invariant surfaces of
degree two not passing through the origin.

o Since V=V u---uv()y=viD 0. 01y, the
irreducible decomposition of V is obtained:
@ computing the ideal J = Il(é) n---nN Il(g) (routine intersect
of SINGULAR);
e finding the irreducible decomposition of V(J) (routine

minAssGTZ of SINGULAR).
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Invariant surfaces of the May-Leonard asymmetric system

The output gives us 88 ideals composing the irreducible
decomposition of the variety V(J).

So there are 88 conditions on the parameters «;, 5; of the
May-Leonard asymmetric system for existence of an invariant
surface of degree two not passing through the origin.
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Invariant surfaces of the May-Leonard asymmetric system

The May-Leonard asymmetric system has a symmetry with respect
to change of axes

X—=>2Z, Yy =X, Z—Y, (13)
XY,y —2z, Z—X, (14)
Xy, Yy X, 22z, (15)
X2z, Y=y, zZ— 2z, (16)
X=X,y —2Z, Z—=Y, (17)

that do not change the shape of the system.
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Invariant surfaces of the May-Leonard asymmetric system

For instance, under transformation (13), x = z, y — x, z =y,
system (3) becomes

x =x(1 — x — apy — B2z),
y =y(l - fsx —y — asz),
z=z(1—-a1x — 1y — z),

that can be obtained from system (3) by the change of parameters

ay — a3, B1 — B3, ax = a1, B2 — P1, a3 = az, B3 — Po.
(18)

Valery Romanovski Invariant surfaces and first integrals of the May-Leonard asym



Invariant surfaces of the May-Leonard asymmetric system

Thus, if we have a condition on the parameters of (3) under which
the system has an algebraic invariant surface, another condition
will be obtained by the transformation of the parameters according
to rule (18).
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Invariant surfaces of the May-Leonard asymmetric system

Thus, if we have a condition on the parameters of (3) under which
the system has an algebraic invariant surface, another condition
will be obtained by the transformation of the parameters according
to rule (18).

For example, under condition (5) of Theorem 1,
Bs=Pr=az+t1l=0F-3=m+1l=m—-1/2=0,
system (3) has the invariant surface f =2 — 4x + 2x? — 2y + yz.
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Invariant surfaces of the May-Leonard asymmetric system

Thus, if we have a condition on the parameters of (3) under which
the system has an algebraic invariant surface, another condition
will be obtained by the transformation of the parameters according
to rule (18).

For example, under condition (5) of Theorem 1,
53251:a3+1:B2—3:oz2+1:a1—1/2:0,

system (3) has the invariant surface f =2 — 4x + 2x? — 2y + yz.
Applying the transformation of parameters (18),

a1 — a3, 1 — B3, ag = a1, o — B1, az — az, B3 — B,
condition (5) becomes
Bz:B3:az—l—l:61—3:a1—|—1:a3—1/2:0.
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Invariant surfaces of the May-Leonard asymmetric system

Thus, if we have a condition on the parameters of (3) under which
the system has an algebraic invariant surface, another condition
will be obtained by the transformation of the parameters according
to rule (18).

For example, under condition (5) of Theorem 1,
fz3=pPr=a3+1=0F—-3=ap+1=a13—-1/2=0,

system (3) has the invariant surface f =2 — 4x + 2x? — 2y + yz.
Applying the transformation of parameters (18),

ar — az, B1— B3, ax = a1, B2 — B1, a3 — a2, B3 — B,
condition (5) becomes
ﬁz:Bg:a2—|—1261—3204—1—1:043—1/2:0.

This condition is one of the 88 obtained and gives us the invariant
surface f = 2 — 4z + 2z% — 2x + xy for system (3) under
transformation (13).
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Invariant surfaces of the May-Leonard asymmetric system

Similarly, after transformations (13)—(17) the conditions for
existence of invariant surfaces are changed according to the rules
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Invariant surfaces of the May-Leonard asymmetric system

Similarly, after transformations (13)—(17) the conditions for
existence of invariant surfaces are changed according to the rules

a1 — az, f1— B2, az = a3, B2 — B3, a3 — a1, B3 — B, (19)
ar = B2, 1 — o, az = B1, B2 — a1, a3 — B3, B3 — az, (20)
a1 — [3, f1 — a3, az = B2, P2 = a2, a3 — f1, B3 — a1, (21)
a1 — P1, b1 — a1, az = B3, P2 = a3, a3 = P2, B3 — a2.(22)
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Invariant surfaces of the May-Leonard asymmetric system

Similarly, after transformations (13)—(17) the conditions for
existence of invariant surfaces are changed according to the rules

a1 — az, f1— B2, az = a3, B2 — B3, a3 — a1, B3 — B, (19)
ar = B2, 1 — o, az = B1, B2 — a1, a3 — B3, B3 — az, (20)
a1 — [3, f1 — a3, az = B2, P2 = a2, a3 — f1, B3 — a1, (21)
a1 — P1, b1 — a1, az = B3, P2 = a3, a3 = P2, B3 — a2.(22)

We say, that two conditions for existence of invariant surfaces are
conjugate if one can be obtained from another by means one of
transformations (18)—(22).
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Invariant surfaces of the May-Leonard asymmetric system

Similarly, after transformations (13)—(17) the conditions for
existence of invariant surfaces are changed according to the rules

a1 — az, f1— B2, az = a3, B2 — B3, a3 — a1, B3 — B, (19)
ar = B2, 1 — o, az = B1, B2 — a1, a3 — B3, B3 — az, (20)
a1 — [3, f1 — a3, az = B2, P2 = a2, a3 — f1, B3 — a1, (21)
a1 — P1, b1 — a1, az = B3, P2 = a3, a3 = P2, B3 — a2.(22)

We say, that two conditions for existence of invariant surfaces are
conjugate if one can be obtained from another by means one of
transformations (18)—(22).

We investigate the existence of invariant surfaces only for
conditions which are not conjugated, reducing considerably the
number of cases.
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Invariant surfaces of the May-Leonard asymmetric system

Moreover, some of that conditions provides invariant surfaces of
degree two which are not irreducible, namely:
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Invariant surfaces of the May-Leonard asymmetric system

Moreover, some of that conditions provides invariant surfaces of
degree two which are not irreducible, namely:

e a1 = (1 = 0, providing the invariant surface (1 — x)? (and its
respective conjugated conditions);
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Invariant surfaces of the May-Leonard asymmetric system

Moreover, some of that conditions provides invariant surfaces of
degree two which are not irreducible, namely:

e a1 = (1 = 0, providing the invariant surface (1 — x)? (and its
respective conjugated conditions);

o ay = 1 = P2+ a1 — 2 = 0 providing the invariant surface
(1 — x — z)? (and its respective conjugated conditions);
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Invariant surfaces of the May-Leonard asymmetric system

Moreover, some of that conditions provides invariant surfaces of
degree two which are not irreducible, namely:
e a1 = (1 = 0, providing the invariant surface (1 — x)? (and its
respective conjugated conditions);
o ay = 1 = P2+ a1 — 2 = 0 providing the invariant surface
(1 — x — z)? (and its respective conjugated conditions);
@ fi1+az3—2=0Fr+a; —2= 3+ ar —2 =0 providing the
invariant surface (1 — x — y — z)? (and its respective
conjugated conditions).
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Invariant surfaces of the May-Leonard asymmetric system

Moreover, some of that conditions provides invariant surfaces of
degree two which are not irreducible, namely:

e a1 = (1 = 0, providing the invariant surface (1 — x)? (and its
respective conjugated conditions);

o ay = 1 = P2+ a1 — 2 = 0 providing the invariant surface
(1 — x — z)? (and its respective conjugated conditions);

@ f1+a3—2=0r+a1 —2 =3+ arx —2 =0 providing the
invariant surface (1 — x — y — z)? (and its respective
conjugated conditions).

The remaining conditions are the 17 on the statement Theorem.
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Invariant surfaces of the May-Leonard asymmetric system

The corresponding surfaces are:

() f=1-—x-2y+y% (2)f=1-2x+x%-2y—2xy +y>
(3)f=2- 2x—2y—|—yz (4) f =2—4x+2x> =2y +yz;

(5) f =2 — 4x +2x2 + 2xy — 2z + xz;

(6) f =2 — 4x +2x%> — 4y + 4xy + 2y — 2z + xz;

() F=1—x-2y+y>+yz; (8 f=2—4x+2x>—2y—2z+xz;
(9) f =1—-2x+x2 -2y —2xy + y? + yz;
(10)f-1—2x+x2—y—z+xz;

(1) f=1-x—y—z+xz; (12) f=1-2x+x%>—2y+2xy +y>+yz;
(13) f=1—-x—y—2z+2% (14)f=1-2x+x3—y—2z—2xz+ 2%
(15) f =1—2x+ x> —y — 2z + 2xz + 2°;

(16) f =1 —2x+x% =2y +2xy + y? — 2z — 2xz — 2yz + Z;

(17) f =1 —2x+ x> — 2y +2xy + y? — 2z + 2xz — 2yz + 7?;
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Invariant surfaces of the May-Leonard asymmetric system

The corresponding surfaces are:

() f=1-x-2y+y% (2)f=1-2x+x>=2y—2xy+y%
(3)f=2- 2x—2y—|—yz (4) f =2—4x+2x> =2y +yz;

(5) f =2 — 4x +2x2 + 2xy — 2z + xz;

(6) f =2 — 4x +2x%> — 4y + 4xy + 2y — 2z + xz;

() F=1—x-2y+y>+yz; (8 f=2—4x+2x>—2y—2z+xz;
(9) f =1—-2x+x2 -2y —2xy + y? + yz;

(10) f=1-2x+x>—y —z+xz;

(1) f=1-x—y—z+xz; (12) f =1-2x+x> =2y +2xy +y> + yz;
(13) f=1-x—y—2z+2% (14)f=1-2x+x2—y—2z—2xz+ 2%
(15) f =1—2x+x% —y — 27+ 2xz + 2°;

(16) f =1 —2x+x% =2y +2xy + y? — 2z — 2xz — 2yz + Z;

(17) f =1 —2x +x2 = 2y + 2xy + y? — 2z + 2xz — 2yz + 2%

The proof is completed.
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First integrals of the May-Leonard asymmetric system

First integrals of the May-Leonard asymmetric system

Objective

Construct Darboux first integrals for the May-Leonard asymmetric
system, (3), for the 17 families of Theorem 1 using invariant planes
and invariant surfaces of degree two.
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First integrals of the May-Leonard asymmetric system

Theorem

a) If one of conditions 1-3, 11, 12, 17 of Theorem 1 holds, then
the corresponding system (3) admits at least one Darboux first
integral.

b) If one of conditions 4-10, 13-16 of Theorem 1 holds, then the
corresponding system (3) is completely integrable, that is, it
admits two independents Darboux first integrals.
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First integrals of the May-Leonard asymmetric system

a) Condition (1):
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First integrals of the May-Leonard asymmetric system

a) Condition (1): the May-Leonard system has the form

x=x(1=x=3y), y=y(1-x/2=y)y, z=z(1-azx—[f3y—2).

(23)
Using invariant planes and invariant surfaces of degree two, by the
Darboux theory we have the Darboux first integral

>

2

—A2—2)1 (—X +y2 _ 2y + 1)7 ,

H = xMy?2 (x+4y ) (x — 2y +2y)

A1, A2 not both equal to zero.
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First integrals of the May-Leonard asymmetric system

a) Condition (1): the May-Leonard system has the form

x=x(1=x=3y), y=y(1-x/2=y)y, z=z(1-azx—[f3y—2).

(23)
Using invariant planes and invariant surfaces of degree two, by the
Darboux theory we have the Darboux first integral

>

2

—A2—2)1 (—X +y2 _ 2y + 1)7 ,

H = xMy?2 (x+4y ) (x — 2y +2y)

A1, A2 not both equal to zero.

In particular, taking Ay = 1 and = A3 = 0 we have the Darboux
first integral
x(x + 4y)
(x +2y —2y2)%
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First integrals of the May-Leonard asymmetric system

Since first two equations of (23) are independent of z we cannot
construct another independent first integral Ha(x, y) of (23) using
only such surfaces.
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First integrals of the May-Leonard asymmetric system

Since first two equations of (23) are independent of z we cannot
construct another independent first integral Ha(x, y) of (23) using
only such surfaces. If such integral would exist then the
two-dimensional system

x=x(1-x-=3y), y=y(1-x/2—-y)y,

would have two independent first integrals, which is impossible.
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First integrals of the May-Leonard asymmetric system

b) Condition (4): Using invariant planes and invariant surfaces of
degree two, by the Darboux theory we have the Darboux first

integrals
e z(2 — 4x +2x%2 — 2y + yz)
e (4x +y —22) ’
yz
Hy, = =—.
2= "2
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First integrals of the May-Leonard asymmetric system

To check if these first integrals are independent we compute their
gradients
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First integrals of the May-Leonard asymmetric system

To check if these first integrals are independent we compute their

gradients
c _{4(—2+2x+y)(1+x—z)z 2(1+ x — z)?z
e (4x +y — 2z2)2 © o (dx+y —2z)%
2(4x —8x%2 +4x3 +y — bxy + x°y — y? + Axyz + y2z — yzz)}
(4x +y — 2z)? ’
G 22 7

x37 x27 x2V

Valery Romanovski Invariant surfaces and first integrals of the May-Leonard asym



First integrals of the May-Leonard asymmetric system

To check if these first integrals are independent we compute their

gradients
c _{4(—2+2x+y)(1+x—z)z 2(1+ x — z)?z
e (4x +y — 2z2)2 © o (dx+y —2z)%
2(4x —8x%2 +4x3 +y — bxy + x°y — y? + Axyz + y2z — yzz)}
(4x +y — 2z)? ’
G 22 7

x37 x27 x2V

and we verified that the linear combination aG; + bGy, where
a,b eR, isequal to 0 if and only if a=b=0.
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First integrals of the May-Leonard asymmetric system

To check if these first integrals are independent we compute their

gradients
c _{4(—2+2x+y)(1+x—z)z 2(1+ x — z)?z
e (4x +y — 2z2)2 © o (dx+y —2z)%
2(4x —8x%2 +4x3 +y — bxy + x°y — y? + Axyz + y2z — yzz)}
(4x +y — 2z)? ’
G 22 7

x37 x27 x2V

and we verified that the linear combination aG; + bGy, where
a,b eR, isequal to 0 if and only if a=b=0.

Therefore the Darboux first integrals H; and H» are independents.
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Conclusions

Conclusions

Using invariant surfaces of degree two and invariant planes:
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Conclusions

Conclusions

Using invariant surfaces of degree two and invariant planes:

o 6 families of the May-Leonard asymmetric system admitting
at least one Darboux first integral are found;
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Conclusions

Conclusions

Using invariant surfaces of degree two and invariant planes:

o 6 families of the May-Leonard asymmetric system admitting
at least one Darboux first integral are found;

@ 11 families of the May-Leonard asymmetric system admitting
two independents Darboux first integral are found;
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Conclusions

Conclusions

Using invariant surfaces of degree two and invariant planes:

o 6 families of the May-Leonard asymmetric system admitting
at least one Darboux first integral are found;

@ 11 families of the May-Leonard asymmetric system admitting
two independents Darboux first integral are found;

@ we could not find invariant surfaces passing through the
origin, that is, polynomials (9) with hogo = 0;
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Conclusions

Conclusions

Using invariant surfaces of degree two and invariant planes:

o 6 families of the May-Leonard asymmetric system admitting
at least one Darboux first integral are found;

@ 11 families of the May-Leonard asymmetric system admitting
two independents Darboux first integral are found;

@ we could not find invariant surfaces passing through the
origin, that is, polynomials (9) with hogo = 0;
These case is computationally more difficult since the system
has 3 invariant planes x =0, y = 0, z = 0 passing through
the origin and this yields a complicate structure of the
corresponding ideal /.
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Conclusions
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